Let R be a ring with Jacobson radical J (R). Given a left R-module M, a supplement submodule of M is a submodule K M for which there exists K ≤ M such M = K + K and K is minimal with respect to this property. In general, supplement submodules are strict generalizations of direct summands. Those rings for which every supplement submodule of a finitely generated projective module is a direct summand have been widely treated in the literature (see [6] [7] [8] 11, 13, 16] ). However, it is an open problem to give an internal characterization of these rings (see [9] ). The purpose of this note is to give more results about supplement submodules in projective modules and determine their relationship with a generalization of projective modules (radical-projective modules). These results will allow us to generalize some characterizations of rings in which every supplement of a finitely generated projective module is a direct summand, to those in which every supplement of a (non-necessarily finitely generated) projective module is a direct summand.
Supplements in projective modules
First of all, we shall describe supplement submodules in terms of a special class of endomorphisms. Definition 1.1. Let x ∈ R. We shall say that:
(i) x is a weak left (CE) element if:
(a) There exists r 0 ∈ R such that r 0 x 2 = x.
(b) For every r ∈ R with rx 2 = x there exits t ∈ R with trx = x. (ii) x is a left (CE) element if:
(a) There exists r 0 ∈ R such that r 0 x 2 = x. (b) x − x 2 ∈ J (R).
Remarks 1.2. (i) It is easy to prove that x ∈ R is left (CE) if and only if there exists j ∈ J (R) with (1 − j ) −1 x 2 = x. (ii) It is not difficult to see that each left (CE) element is a weak left (CE) element.
However, the converse is not true. For example, let F be a field with char F = 2 and R the upper triangular matrix ring over F . Take b ∈ F and x = −1 b 0 0
.
Then x is weak left (CE) but it is not left (CE).
Left (CE) elements were used by Zöschinger in [16] and by I. Sakhajev in [12] . The relationship with supplements in projective modules is: Proposition 1.3. Let P be a projective module and p ∈ End R (P ). The following assertions are equivalent:
(i) p is a weak left (CE) element in End R (P ).
(ii) Im p is a supplement of Ker p in P .
Proof. (i) ⇒ (ii)
. The existence of g 0 ∈ End R (P ) such that g 0 p 2 = p implies that (Im p)p = Im p and thus Im p + Ker p = P . Let K Im p with K + Ker p = P . Firstly, suppose that P is free with basis {x α : α ∈ Γ }. Since (K)p = Im p we can find {k α : α ∈ Γ } ⊆ K and {y α : α ∈ Γ } ⊆ P with (x α )p = (k α )p and k α = (y α )p for each α ∈ Γ . Consider h the unique endomorphism of P such that (x α )h = y α ∀α ∈ Γ . Then hp 2 = p and, applying the hypotheses, there exists f ∈ End R (P ) with f hp = p. Given x ∈ P and taking {r α : α ∈ Γ } ⊆ R with {α ∈ Γ : r α = 0} finite and (x)f = α∈Γ r α x α we obtain
If P is projective, P is a projective module such that P ⊕ P is free and π P , ι P are the corresponding canonical projection and injection respectively, it suffices to apply the latter fact to the morphism π P pι P to obtain that K = Im(π P pι P ). But this implies that K = Im p.
(ii) ⇒ (i). If Im p + Ker p = P then (P )p 2 = Im p and we can get a commutative diagram
since Im p is minimal with respect to this property we get that (P )gp = Im p; by projectivity of P we obtain a commutative diagram with exact row
For left (CE) morphisms we have: Proposition 1.4. Let P be a projective module and p ∈ End R (P ). The following assertions are equivalent:
and from the minimality of Im p follows that Im p 2 = Im p. Since P is projective we can find g 0 ∈ End R (P ) with g 0 p 2 = p (see proof of Proposition 1. The following result says that, when the module is projective, every supplement is of the form Im p for a left (CE) morphism p. This is a generalization of the well known result concerning direct summands (see, for example, [1, 5.7] [1, 17.11] . This proves that p is a left (CE) morphism. Finally, (c) follows from the equation (K )pπ 1 = 0.
Proof. (i) ⇒ (ii). Using the decomposition
(ii) ⇒ (iii). Trivial. (iii) ⇒ (i). Since, by Proposition 1.3, Im p is a supplement of Ker p in P we have
Since Im p is a supplement of Ker p, L = K and the result is proved. 2
The above result can be rewritten as follows in the case of the ring: Corollary 1.7. Let K and K be left ideals of the ring R. Then, the following statements are equivalent:
Remark 1.8. The left (CE) endomorphism obtained in Theorem 1.6 is not uniquely determined by K and K . For example, let F be a field and consider R the ring of upper triangular matrices over
and a, b ∈ F distinct and nonzero. Then K is a supplement of K in R R and p = 
Corollary 1.9. For every projective module P with endomorphism ring E = End R (P ) there is a bijection between the sets S(P ) and S( E E).
Proof. Given K a supplement submodule of P take, using Theorem 1.
is a supplement submodule of E E that does not depend on the election of the morphism p K because, for every left (CE) morphism p with Im p = K, we can construct a commutative diagram
Analogously, if L is a supplement submodule of E E denote, using Corollary 1.7, by
supplement submodule of P ; reasoning as above, Ψ (L) does not depend on the election of x L and we have maps
which are easily verified to be mutually inverse. 2
Radical-projective modules
Projective modules are exactly the direct summands of free modules. We shall describe supplement submodules of free modules in terms of radical-projective modules using left (CE) morphisms. Definition 2.1. We shall say that a module M is radical-projective if for every epimorphism
In the following section we shall give an example of a non-projective radical-projective module. The relationship of radical-projective modules with supplements is: Lemma 2.2. Let P be a projective module and K a supplement submodule of P . Then K is radical-projective.
Proof. By Theorem 1.6 there exists p ∈ End R (P ) a left (CE) morphism such that Im p = K. Take g : A → B an epimorphism in R-Mod and a morphism f : K → B. Since P is projective there exists a commutative diagram
The following lemma is a slight generalization of [8, 2.3] .
Lemma 2.4. Let P be a projective module and K a submodule of P . The following statements are equivalent: 
Taking t ∈ End R (F ) with t (pϕ) 2 = pϕ (which exists because pϕ is left (CE)) and using that (K)pϕ = K we get
as t (pϕ − (pϕ) 2 ) ∈ J (End R (F )). Since the sum of two superfluous submodules is again superfluous, Eqs. (1) and (2) say that
which concludes the proof. 2
Remark 2.6. Remark 2.3 implies that the morphism h obtained in the proof of (i) verifies (M)(f − hg) J (R)B.
With this result we can extend properties of supplement submodules to radical projective modules: Corollary 2.7. Let M be a radical-projective module. Then: 
(ii) Let L be a supplement submodule of M. Applying Theorem 2.5, let F be a free module, K a supplement submodule of F and ϕ : M → K a superfluous epimorphism; then (L)ϕ is a supplement submodule of K since In the next section we shall give an example of a module which is J(R)-projective but not radical-projective.
Supplements as summands. Examples
As we have mentioned in the introduction, rings for which every supplement submodule of a finitely generated projective module is a direct summand have been widely studied (see [4, [6] [7] [8] [11] [12] [13] 16] ). The aim of this section is to extend some of the characterizations of these rings to those in which every supplement submodule of a (non-necessarily finitely generated) projective module is a direct summand. We start with an easy observation: Lemma 3.1. Let P be a projective module and K P a supplement submodule of P . The following statements are equivalent:
and it has to be zero. From Proposition 1.3 follows that P = K ⊕ Ker p.
(ii) ⇒ (iii) Given K P as in (iii) we have
Since π has superfluous kernel, ψ is the required projective cover.
(iv) ⇒ (ii) Let ϕ : Q → K be a projective cover of K. By Lemma 2.2 there exists
is an epimorphism and so is h by [1, 5.15] . By projectivity of Q, h is split and Ker h is a direct summand of K; but Ker h is superfluous (Ker h (K)(1 K − hϕ)) and it has to be zero. That is, h is an isomorphism and K is projective. 2
The following result reduces the study of the property to the case the ring. Recall that, for every x ∈ R, Rx is a direct summand of R R if and only if x is (von Neumman) regular (i.e., there exists t ∈ R such that xtx = x). For modules M and N , N is said to be M-cyclic if there exists an epimorphism ϕ : M → N .
Corollary 3.2. Let P be a projective module with endomorphism ring E = End R (P ).
The following statements are equivalent:
(vi) Every P -cyclic radical-projective R-module is projective.
(vii) Every P -cyclic radical-projective R-module has a projective cover.
Proof. The equivalence of (ii)-(iv) is clear by virtue of the previous remark and Theorem 1.6. For (v) see [16, 1.2] .
(i) ⇒ (ii) Let L E be a left ideal and suppose that it is a supplement. Following the notation of Corollary 1.9, Ψ (L) is a direct summand of P , that is, there exists e ∈ E idempotent with Ψ (L) = Im e; thus L = ΦΨ (L) = E · e is a direct summand of E.
(ii) ⇒ (i) Is proved similarly.
(i) ⇒ (vi) Given a P -cyclic radical-projective module M we can find, reasoning as in Theorem 2.5, a supplement submodule K of P and a superfluous epimorphism ϕ : M → K. By hypothesis, ϕ is a split epimorphism; since Ker ϕ is superfluous, it is an isomorphism. That is, M is projective.
(vi) ⇒ (vii) Trivial. (vii) ⇒ (i) (vii) implies that every supplement submodule of P has a projective cover; apply now Lemma 3.1. 2
Remarks 3.3.
(i) The equivalence of (i) and (ii) was proved by H. Zöschinger in [16] in the finitely generated case and by A. Mohammed and F.L. Sandomierski in [8] . We give a different proof using (CE) morphisms. (ii) Condition (v) appears in [11] .
The following result gives a characterization of rings for which every supplement submodule of a (non-necessarily finitely generated) projective module is a direct summand. It is a generalization of [8, 4.1] and [12, 3] . For a set Γ , RF M Γ (R) will denote the ring of row finite Γ -matrices with entries in R. We conclude the paper giving some examples. If we want to give a left (CE) element which is not idempotent, we have to find a ring S that does not verify Corollary 3.4. Such a ring was found by Gerasimov and Sakhajev in [4] . Let x ∈ R be a left (CE) element of R and j ∈ J (R) such that (1 − j ) −1 x 2 = x. Reasoning as in [3, 4.3] , set z = 1 − j , for every n ∈ N * (= N − {0}) let a n = z −n−1 xz n and denote I x = ∞ n=1 a n R. I x is a projective right ideal of R such that R I x is a flat R-module and
. This ideal determines if Rx is a direct summand: Lemma 3.5. Let x ∈ R be a left (CE) element. Let z, {a n : n ∈ N * } and I x as above. The following assertions are equivalent:
(2) I x is finitely generated.
Proof. (i) ⇒ (ii).
If Rx is a direct summand then so is xR. Using the same argument as in [3, 4.2] we get that I x ∼ = xR and I x is finitely generated.
(ii) ⇒ (i). If I x is finitely generated, there exists m ∈ N * such that a 2 m = a m by [3, 3.1] . But a m + J (R) = x + J (R) and following the argument of [16, 2] we deduce that Rx is a direct summand. 2 Example 3.6. In [4] the authors construct a semilocal ring S and x, y ∈ S such that yx = 0 and 1 − (x + y) ∈ J (S). Take z = x + y; then x is left (CE) (because z −1 x 2 = x) and, by the previous lemma, it is not (von-Neumman) regular since I x is not finitely generated (see [3, 5.2] ). Consequently, Rx is a supplement submodule that is not a direct summand; moreover, by Theorem 2.5, the module Rx is a non-projective radical-projective module.
Another example of a non-projective radical-projective module is given by a submodule of the endomorphism ring of an uniserial module which is not quasi-small. Let U be a module. Recall that U is quasi-small if given a family of modules {U α : α ∈ Γ } such that U is isomorphic to a direct summand of α∈Γ U α , there exists a finite subset Λ ⊆ Γ such that U is isomorphic to a direct summand of λ∈Λ U λ . Moreover, recall that U is uniserial if its lattice of submodules is linearly ordered under set inclusion.
Suppose that U is an uniserial module. Then the endomorphism ring E = End R (U ) has two (two sided) ideals L and K (L = {f ∈ E: f is not injective} and K = {f ∈ E: f is not surjective}) such that every proper left ideal of E is contained either in L or in K (see [2, 1.2] ). If, in addition, U is quasi-small, there exists {f n : n ∈ N * } ⊆ E such that f n f n+1 = f n ∀n ∈ N * and K = generated projective module is a direct summand because M n (R) is an exchange ring for every non-zero natural number n, by [14, 2] .
Finally, we give a J (R)-projective module that is not radical-projective. 
